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The quantum system under periodical modulation is the simplest path to understand the quantum
non-equilibrium system, because it can be well described by the effective static Floquet Hamilto-
nian. Under the stroboscopic measurement, the initial phase is usually irrelevant. However, if
two uncorrelated parameters are modulated, their relative phase can not be gauged out, so that it
can dramatically change physics. Here, we simultaneously modulate the frequency of lattice laser
and Rabi frequency in the optical lattice clock (OLC) system. Thanks to ultra-high precision and
ultra-stability of OLC, the relative phase could be fine-tuned. As a smoking gun, we observed the
interference between two Floquet channels. At last, we discuss the relation between effective Flo-
quet Hamiltonian and 1-D topological insulator with high winding numbers. Our experiment not
only provides a direction for detecting the phase effect, but also paves a way in simulating quantum
topological phase in OLC platform.
Introduction.– Floquet engineering is a powerful tool
for quantum simulating exotic Hamiltonian via time-
periodic driven [1, 2]. Extending modulation from one-
parameter to double parameters is a tantalizing non-
trivial task in both physics and technique aspects. The
relative phase will strongly change physics due to the
time-reversal symmetry breaking, and the typical phe-
nomena is the observation of interference. Various
theoretical proposals of double parameters modulation
are discussed, such as realizing unconventional Hubbard
model[3, 4], studying quantum scar [5] and controlling
particles migration[6]. However, the experimental real-
ization is extremely hard in the quantum many body
systems, because technically it requires both parameters
can be independently fine-tuned to make relative phase
ultra-stable, and the resulting phenomena can be clearly
observed.
As one of the most accurate platforms, the optical
lattice clock system becomes an ideal candidate [7–9].
The OLC is made by an optical local oscillator stabi-
lized by an appropriately chosen two energy levels tran-
sition of thousands of atoms trapped in a lattice potential
[10]. The lattice laser at ‘magic-wavelength’ guarantees
both energy levels feel the same lattice potential and the
line-width of spectrum can be suppressed to several Hz.
Meanwhile, the long lifetime of excited state keeps the
system unaffected by spontaneous emission during mea-
surement. Thus, it is not only taken as candidate of
the next standard of time, but also a perfect platform
for measurements of fundamental constants in physics
because of its high precision and ultra-stable properties
[11–13].
In this manuscript, we successfully design and imple-
ment an experiment to simultaneously modulate the in-
ternal levels of atom as well as the Rabi frequency in 87Sr
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Figure 1. (Color online) Schematic picture of experiment
setup and interference. (a) The function generator provides
three signals SF(t), Sr(t) and SPW(t). SF(t) and SPW(t) are
used for modulating the frequency of 813 nm lattice laser and
the power of clock laser by the voltage variable attenuator
(VVA), respectively. The signal Sr(t) can be input into the
microwave switch (MS) to switch two signals 0 and φ gener-
ated by the arbitrary function generator (AFG), so that the
phase shift due to the transverse amplitude modulation can
be compensated. The phase, power and frequency of the 698
nm clock laser are simultaneously changed by imposing the
signal from VVA to the acousto-optic modulator (AOM). (b)
Under the longitude modulation, the two-levels atom can be
treated as surrounded by ‘Floquet photons’ with energy ~ωs
in dressed atom picture. (c) The transverse laser provides
two Floquet channels: ω+p and ω
−
p through which the atoms
can hop from 1S0 to
3P0 with the assistant of longitude ‘Flo-
quet photons’. The relative phase 2ψ between two hopping
processes causes the interference.
OLC system (Fig.1 (a)) [7–9, 14]. It can be taken as an
effective magnetic field ~h(t) = {hx(t), 0, hz(t)} coupled to
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2two energy levels in description of Pauli matrix ~σ. The
Hamiltonian can be written as
Hˆ = ~~h(t) · ~σ. (1)
The longitude field hz(t) is equal to (δ+A cos(ω
z
s t+ψ))/2
where δ = ∆ − ωp is detuning frequency between atom
internal energy gap ∆ and clock laser photons ωp, and
the associate modulation is characterized with longitude
driven frequency ωzs , amplitude A and phase ψ. Mean-
while, the transverse field hx(t) is Ω~n cos(ω
x
s t)/2, where
Ω~n is the static Rabi frequency of external harmonic os-
cillator state |~n〉 without driven and ωxs is transverse
driven frequency. In order to check the phase effect, we
set ωxs = ω
z
s = ωs. Owing to the highly precision spec-
trum in OLC platform [15], the Floquet sidebands can be
resolved even at driven frequency down to only hundred
Hz, so that we can stabilize and fine-tune the relative
phase which remarkably changes the movement path of
~h(t). Because of longitude driven, the transition between
two levels can be assisted by ‘longitude driven photons’
with the energy ~ωs. On the other hand, the transverse
modulation results in the clock laser splitting to two Flo-
quet channels with ‘photon frequency’ ω−p = ωp − ωs
and ω+p = ωp + ωs respectively. As shown in Fig.1(b-c),
when ω−p + (nd + 1)ωs = ω
+
p + (nd − 1)ωs is equal to the
energy gap ∆, the initial relative phase can induce the in-
terference between ’Floquet photon’ assisted tunnelings
through two different transverse Floquet channels. On
the other hand, the effective Floquet Hamiltonian can
be taken as two effective magnetic fields with different
winding numbers coupled to atoms. It is directly related
to the 1-D topological insulator, and different Floquet
quasi-energy bands exhibit strong relations with the high
order winding numbers.
Experiment setup.–Approximately 104 fermionic 87Sr
atoms are cooled down to several µK and loaded into
a quasi one-dimensional optical lattice aligned with the
z axis (experimental details shown in Appendix). As
shown in Fig.1(a), the lattice is created by a counter-
propagating laser beam at magic-wavelength λL =
813.42 nm, so that the dipole-forbidden transition en-
ergy levels (5s2)1S0(|g〉) and (5s5p)3P0(|e〉) feel the same
lattice potential. About one thousand lattice sites are
separated by barriers of height V0/Er ≈ 90 (Er the re-
coil energy) which is strong enough to hinder inter-site
tunneling. The lifetime of the excited state is about 160
s, while each round of the experiment lasts for several
hundreds of milliseconds, so the spontaneous emission
could be ignored. This platform could be well described
as an ensemble of non-interacting atoms taking pseudo-
spin half trapped in a harmonic trap. All the atoms
are prepared at the ground internal states |g〉, while the
distribution at the external states |~n〉 follows the Boltz-
mann’s distribution law. Then, after interacting with a
plain wave clock laser at Lamb-Dicke regime, the atoms
follow the Rabi oscillation between the internal states
with different Rabi frequency according to their external
states.
Longitude driven.–The frequency of lattice laser is
modulated as ωL(t) = ω¯L+SF(t) with ω¯L = 2pic/λL and
SF(t) = ωa sin(ωst+ ψ). In the lattice co-moving frame,
due to the relativistic Doppler effect, the atoms feel an
effective clock frequency ω′p(t) = ωp−A cos(ωst+ψ) with
renormalized driven amplitude A. Then, the system can
be approximately described with time-dependent Hamil-
tonian
HˆL = ~
(
δ +A cos(ωst+ ψ)
2
σz +
Ω~n
2
σx
)
. (2)
As demonstrated in our recent experiment [16], more
than ten resolved Floquet sidebands are clearly observed.
Both theory and experiment indicate that the initial
phase ψ is irrelevant to both Rabi oscillation and spec-
trum. The experimental details and related theoretical
calculation can also be found in Ref.[16].
Transverse driven.–To modulate the Rabi frequency,
we implement the amplitude modulation on the clock
laser in the experiment. Because the Rabi frequency is
proportional to the square root of clock laser’s inten-
sity Ω(t) ∝ √I(t), we set the modulation function as
SPW(t) = cos
2(ωst). However, the additional pi phase is
automatically inserted at the zero point Ω(t) = 0, and
it can cause the discontinuity. In order to compensate
the phase, as demonstrated in Fig. 2 (a), we utilize
the phase modulation following the square wave oscil-
lating between 0 and φ (experimental details shown in
Appendix). Then the Hamiltonian after rotating wave
approximation (RWA) can be written as
HˆT =
~δ
2
σz +
~Ω~n
2
cosωst
(
σ+e
if(t) + h.c.
)
, (3)
with the effective phase modulation function f(t) as
f(t) =
{
0 −T/4 ≤ t− nT < T/4
pi − φ T/4 ≤ t− nT < 3T/4 . (4)
The Rabi frequency is under both amplitude and phase
modulation as shown in Fig. 2(a). Because the experi-
ment was run in the parameter region where the resolved
sideband approximation ωs  Ω~n works, the lowest or-
der effective Hamiltonian obtained from Floquet-Magnus
expansion for ntth Floquet sidebands is expressed as
HˆntTe =
~δnt
2
σz +
(
~Ωnt~n
2
σ+ + h.c.
)
, (5)
in which δnt = δ−ntωs and the effective Rabi frequency
is
Ωnt~n =

Ω~n(1−e−iφ)
4 nt = ±1
−Ω~n(1+eiφ)e
ikpi
2
pi(k2−1) nt = 2m
0 others
. (6)
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Figure 2. (Color online) The transverse modulation. (a) The
Rabi frequency is simultaneously under a sinusoidal waveform
amplitude modulation and a square waveform phase modula-
tion. (b) is the Rabi spectrum of theoretical prediction and
experimental results for phase φ changing from 0 to pi at mea-
suring time t = 70 ms. (c) is a comparison between exper-
imental and theoretical Rabi spectrum with φ = pi. Two
equally distributed Floquet sidebands locate at δ = ±ωs.
Then, the probability of internal excited states is
Pnte (δ, t) =
∑
~n
q(~n)
∣∣∣∣Ωnt~nRnt~n
∣∣∣∣2 sin2(Rnt~n2 t
)
, (7)
where Rnt~n =
√|Ωnt~n |2 + δ2nt and q(~n) is the Boltzmann
distribution factor of external states |~n〉, which could be
determined by measuring the temperature and trap fre-
quencies [15].As shown in Fig. 2(b), the experimental
Rabi spectrum at measuring time t = 70ms matches well
with the theoretical results. In order to remove the phase
discontinuity of amplitude modulation, we set φ = pi to
completely compensate it. As demonstrated in Fig. 2(c),
all the Floquet channels are totally suppressed down to
weaker than noise, except for the two nt = ±1 Floquet
channels(Details shown in Appendix).
Doubly modulation and interference.– Longitude and
transverse modulations are demonstrated to be well fine-
tuned, respectively. However, the modulation of one pa-
rameter should not affect another one for doubly modu-
lation. Meanwhile, both modulations must be synchro-
nized to make their relative phase ψ finely tunable and
stable. To achieve that, we use function generator to
generate both modulation functions with the same fre-
quency and chose it as low as ωs/2pi = 100 Hz.After the
RWA approximation, the system can be well described
by Hamiltonian Eq. 1 with explicit form
HˆD = ~
[
δ +A cos(ωst+ ψ)
2
σz +
Ω~n
2
cos (ωst)σx
]
. (8)
Then, if we consider both modulations can produce a
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Figure 3. (Color online) The Rabi spectrum of double param-
eters modulations. (a)-(c) are the comparison between theo-
retical and experimental results for different ψ at K = 1.38.
(d)-(f) are the peak’s height of 0 − 2th order Floquet side-
bands at measuring time t = 70 ms calculated with Floquet
theory.
set of Floquet quasi-energy spectra with the same inter-
vals, a question will immediately arise — could relative
phase make different Floquet channels interfere, so that
the Rabi spectra changed?
In our experiment, we only adjusted the relative phase
between both modulations without changing other pa-
rameters. As shown in Figs. 3 (a-c), the Rabi spectra
strongly changed according to ψ. There are two main
features that can be clearly observed, (I) the different
Floquet quasi-energy bands undergo different destructive
or constructive interference processes, and (II) the spec-
trum at ψ and pi−ψ are the same which reflects a hidden
symmetry. In order to reveal its mechanism, utilizing the
Jacobi-Anger relation and Floquet theory, we obtain the
effective Floquet Hamiltonian similar as Eq. 5, but with
different effective Rabi frequency for ndth Floquet side
band
Ωnd~n =
eindψΩ~n
2
(
Jnd−1[K]e
−iψ + Jnd+1[K]e
iψ
)
, (9)
in whichK = A/ωs is the re-normalized driven amplitude
(Details shown in Appendix). Together with Eq. 7 we
could calculate the Rabi spectrum of the system, and the
Figs. 3 (a-c) demonstrate the theoretical results are quite
consistent with the experimental data.
The interference phenomena can be understood via ex-
pression of effective Rabi frequency Eq. (9). The ndth
Floquet frequency has two terms which are related to
nd ± 1 Floquet modes of longitude driven, respectively.
As demonstrated in Fig.1 (b-c), in dressed atom picture,
the longitude driven provides lots of ‘Floquet photons’
carrying ψ phase. Meanwhile, if the transverse driving
is also on, the hopping from |g〉 to |e〉 states can have
two channels ω+p and ω
−
p . Because both modulations
have the same driven frequency ωxs = ω
z
s = ωs, when
the ω+p + (nd − 1)ωs = ω−p + (nd + 1)ωs is equal to the
gap, the atoms can be excited via both channels. Consid-
ering the phase difference between both channels is 2ψ,
4the atoms can interfere with each other and the period
is pi. From the theoretical calculated height of 0 − 3th
Floquet side-bands peaks shown in Figs. 3 (d-f), we can
find that interference effect for all Floquet bands could
be observed by adjusting renormalized driven amplitude
K. Meanwhile, because the Bessel functions are real,
the strongest interference effect happens at ψ equals to 0
and pi/2. In addition, because the probability of excita-
tion Pnde is irrelevant to the argument of Rabi frequency,
the Rabi spectrum at ψ and pi − ψ are the same.
Doubly modulation and topology.– The ndth side-
band effective Floquet Hamiltonian of double param-
eters modulated OLC could also be taken as spin
1/2 atom coupled to two magnetic fields HndEF =
~
2
~hnd · ~σ with ~hnd = ~Bnd−1 + ~Bnd+1 and ~Bnd =
Ω~nJnd [K]
2 {cos(ndψ),− sin(ndψ), δ−ndωsΩ~nJnd [K]}. Then we can
consider hznd = 0 where peak of ndth order Floquet spec-
tra stands. Reminiscent of famous Su-Schrieffer-Heeger
(SSH) model in momentum spaceHSSH = ~h(k)·~σ [19, 20],
numbers of effective Hamiltonians HndEF can be provided
for simulating various 1-D quantum topological phase af-
ter mapping the phase ψ to quasi-momentum k. Similar
to analyzing the endpoint of ~h(k) while letting the quasi-
momentum k walking around the Brillouin zone, we can
also check different ~hnd(ψ) while varying ψ from -pi to
pi. Meanwhile, the eigen-energies E±nd(ψ) = ±
~|~hnd |
2 can
also be calculated for detecting the gap closed. With-
out a loss of generality, we set Ω~n = 2. For the ze-
roth Floquet band, the effective total magnetic field is
~h0 = {0,−2J1[K] sin(ψ), 0} due to J−1[K] = −J1[K].
Because it is limited to y direction, the system can not
have non-trivial topology.
In Figs. 4(a-c), we can find the first order Floquet band
becomes topological non-trivial. When tuning the phase
ψ from -pi to pi, the effective magnetic field can form a
closed path of which the origin point can be inside or
outside. Meanwhile, the energies in Fig. 4 (b) show the
linear dispersion, and it corresponds to the parameter at
which closed path touching the origin point. In order to
quantitatively analyze the topology, we have to calculate
the winding number W = 12pii
∫ pi
−pi
d ln(hxnd
−ihynd )
dψ dψ which
is a topological invariant. As shown in Fig. 4(c), origin
point outside and inside the closed path is corresponding
to winding number equal to zero and two, respectively.
The linear dispersion at zero (±pi/2) is related to topo-
logical transition point from two to zero (zero to two),
and also closed path touching from positive (negative)
hx direction. The topological transition of the second
order Floquet band is shown in Figs. 4(d-f), and the
winding number oscillates between one and three. The
two topological transition points are also related to lin-
ear dispersion of energy at ψ equal to ±pi/2 and zero.
Differently, the closed path touches the origin point from
both ±hy and ±hx directions, respectively.
2
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Figure 4. (Color online) The topology of Floquet effective
Hamiltonians. (a) The ’magnetic field’ in hx − hy plane, (b)
the eigen-energy and (c) the winding number of 1st order
Floquet sideband are shown with different curves in (a) and
(b) corresponding to same color point in c. The ’magnetic
field’ and eigen-energies at critical points are highlighted with
thicker lines. (d)-(f) are corresponding to 2nd order Floquet
sideband.
These topological properties can be theoretically un-
derstood by analyzing two effective magnetic fields ~Bnd−1
and ~Bnd+1, of which the winding number is nd − 1 and
nd+1, respectively. Because the total magnetic field ~hnd
is homotopic to one effective magnetic field which has
larger magnitude, the winding number of the system is
determined by the largest magnitude one. When the re-
normalized driven amplitude K is small, the magnitude
of ~Bnd−1 is larger than ~Bnd+1, so the winding number is
nd − 1. Then, when | ~Bnd−1| is equal to | ~Bnd+1|, we ob-
tain the first critical point where winding number changes
from nd−1 to nd+1. Considering | ~Bnd−1|−| ~Bnd+1| alter-
native changing around zero, the winding number should
oscillates between nd − 1 and nd + 1.
In conclusion, we successfully realize double parame-
ters modulation in the OLC platform. By fine-tuning the
relative phase between both modulations, we observed
the clear interference effect induced by two types of
‘Floquet photons’. Meanwhile, by analyzing the effective
Floquet Hamiltonians, we find they are strongly related
to the 1-D topological insulator. Beyond the SSH model,
the high order effective Floquet Hamiltonians preserve
higher winding numbers. Our work could open up
5several research directions. One example is to simulate
two dimensional topological Hamiltonian as one could
easily add another phase in effective Hamiltonian in
OLC system as shown in longitude driven part of the
paper and measure the Berry phase by Ramesy spectrum
[21]. Another path is to study complex modulation of
two-level systems, such as quasi-periodicity by adjusting
the frequency difference between two driven functions.
Also one could open the tunneling of nearest neighbor
lattice sites to Floquet engineering exotic spin-orbit
coupling Hamiltonian [14].
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APPENDIX
Experimental Realization. The lattice laser is gen-
erated by an external cavity semiconductor laser (TA
PRO), and its frequency can be modulated by adding sig-
nal SF(t) to the piezo-electric transducer (PZT) pasted
on the grating which is used for tuning the laser fre-
quency. Based on previous work [16], the response of
PZT is quite linear, so the frequency modulates ap-
proximately following the signal SF(t). After two steps
Doppler cooling processes, the temperature is decreased
down to ≈ 3 µK. The transverse and longitude frequen-
cies of harmonic trap are νr = 250 Hz and νz = 62.5 kHz,
respectively. Thus, the numbers of external energy levels
considered are nr = 1113 and nz = 5.
The wavelength of clock laser is λp ≈698 nm, and it is
aligned along the same direction as lattice laser with tiny
misaligned angle δθ = 9 mrad, and the Rabi frequency is
8.94 Hz. As shown in Fig.1 (a), an acoustic optical modu-
lator (AOM) is used for simultaneously modulating both
frequency and intensity of the clock laser. Two sinu-
soidal waveform signals with relative phase φ are gener-
ated by an arbitrary function generator (AFG, Tektronix
AFG3000), and both of them are input into a microwave
switch (MS) controlled by square waveform signal Sr(t)
with frequency ωs/2pi. Then, additional sinusoidal wave-
form signal SPW(t) is fed into a voltage variable attenu-
ator (VVA), so that the amplitude of input signal with
phase modulation f(t) (Eq. (4)) is also modulated. Fi-
nally, the output signal from VVA is imposed into AOM
to carry out the transverse modulation.
Three signals (SF(t), Sr(t) and SPW(t)) are generated
from one function generator which is a data acquisi-
6tion (DAQ, NI USB-6341) card. Thus, the signals Sr(t)
and SPW(t) can be synchronized without additional syn-
chronous signal during the transverse modulation. Mean-
while, the relative phase between three signals can be well
controlled during the double parameters modulations.
Floquet method. Dealing with Eq.(3) We first go
to interaction picture by constructing unitary operator
Uˆ1 = e
−i∆t2~ σz , with Uˆ†1 (HˆT −i~ ∂∂t )Uˆ1 and Rotating Wave
Approximation(RWA) we can get for each period:
HˆIT = ~
{
Ω~n
4
(
ei(δ−ωs)t + ei(δ+ωs)t
)
σ+ + h.c.
Ω~ne
i(pi−φ)
4
(
ei(δ−ωs)t + ei(δ+ωs)t
)
σ+ + h.c.
(10)
We could see clearly in the interactive picture that the
hopping amplitude of σ+ is given an additional phase
pi − φ in half of the period, while at the other half this
phase is zero, as shown in Fig.2a. In the resolve sideband
approximation that ~ωs  g~n, with |δ−ntωs|  ωs, one
only needs to consider ntth Floquet sideband, we trans-
form back with the unitary operator Uˆ2 = e
i
δ−ntωs
2 σz ,
and get
HˆntT = Hˆd +
~Ω~n
4
{
eintωst cos(ωst)σ+ + h.c.
ei(ntωst+pi−φ) cos(ωst)σ+ + h.c.
(11)
in which Hˆd =
~(δ−nt~ωs)
2 σz is the diagonal part. Because
the driven character energy ωs are much larger than the
energy scale (δ − nt~ωs),Ω~n in Hamiltonian HˆntT , we
could use Floquet-Magnus expansion to get the lowest
order effective Hamiltonian Hˆe = 1/T
∫ T
0
Hˆ(t)dt that
HˆntTe =
~(δ − nt~ωs)
2
σz +
(
~Ωnt~n
2
σ+ + h.c.
)
, (12)
in which the effective Rabi frequency of ntth Floquet
sideband at external state ~n is Ωnt~n .
For double driven case the time periodically Hamilto-
nian after RWA approximation could be written as
HˆD =
δ +A cos(ωst+ ψ)
2
~σz +
~Ω~n
2
cosωstσx, (13)
which could be transformed to the interaction picture by
the unitary operator Uˆ3 = e
−i δt−(A/ω) sin(ωst+ψ)2 and get:
HˆID =
~Ω~n
4
[
ei[(δ+ωs)t+A sin(ωst+ψ)]
+ei[(δ−ωs)t+A sin(ωst+ψ)]
]
σ+ + h.c.. (14)
For every round of experiment, the detuning frequency δ
is a fixed value. If |δ−nt~ωs|  ωs and the resolved side-
band approximation is taken, only ntth sideband needs
to be considered, thus we could transform back with
Uˆ2 = e
i
δ−ntωs
2 σz and get
HˆntD =
~(δ − nt~ωs)
2
σz +
~Ω~n
4
[
ei[(nt+1)ωst+A sin(ωst+ψ)]σ+
+ei[(nt−1)ωst+A sin(ωst+ψ)]σ+ + h.c.
]
. (15)
Also using Jacobi-Anger relation eiK sin(ωst+ψ) =∑
n Jn[K]e
inωst+inψ and Floquet-Magnus expansion to
get the lowest order effective Hamiltonian
HˆntDe =
~δ − nt~ωs
2
σz +
~Ω~n
4
[(
Jnt−1[K]e
i(nt−1)ψ
+Jnt+1[K]e
i(nt+1)ψ
)
σ+ + h.c.
]
, (16)
in whichK = A/ωs is the renormalized driven amplitude.
